We study effects of D-brane instantons wrapping rigid cycles on Z 2 × Z ′ 2 toroidal orbifold. We compute Majorana masses induced by rigid D-brane instantons and realize bimaximal mixing matrices in certain models. We can also derive more generic mass matrices in other models. The bimaximal mixing Majorana mass matrix has a possibility to explain observed mixing angles. We also compute the µ-term matrix among more than one pairs of Higgs fields induced by rigid D-brane instantons.
Introduction
The Standard Model (SM) is the most successful theory in particle physics. However, a lot of mysteries still remain there. Quantum gravity theory is the biggest one and superstring theory is the most promising (and almost only) candidate for quantum gravity theory. In addition, superstring theory may be able to unify all interactions and matters, too. Therefore, much effort has been made to understand particle physics within the framework of superstring theory. Superstring theory has no dimensionless parameters but numerous perturbative vacua. The D-brane model building is one of interesting methods to construct explicit vacua because one can simply realize gauge symmetry and chiral structure of the SM [1, 2, 3, 4] as well as other aspects. (See for review [5, 6] .) We can construct many semi-realistic models, for example models with the SM gauge symmetry, chiral spectrum and the Higgs sector and no other exotics [7, 8] . It is the first step to realize the SM gauge symmetry and chiral generation spectrum. The next issue to realize the SM would be explanation about more detailed and quantitative aspects, e.g. the origin of hierarchy between electroweek scale and string scale , the flavor structure, etc.
One obstruction for D-brane models to construct realistic models is that extra U(1) symmetries of D-branes forbid some phenomenologically required terms. For instance, D-brane models often have right-handed neutrinos in order to cancel RR tadpoles. From phenomenological interest, heavy Majorana mass terms of right-handed neutrinos such as O(10 10 − 10 15 )GeV are favored. However, extra U(1) symmetries on D-branes often forbid Majorana masses of right-handed neutrinos perturbatively. In D-brane models, such perturbative symmetries can be violated by non-perturbative effects, i.e., Dp-brane instantons (or E-branes), which are Dp-branes localized at points in 4 dimensional Minkowski space and wrapping (p+1)-cycles on the compact space [9, 10, 11, 12, 13] . 1 Our purpose in this paper is to study explicitly instanton-induced Majorana masses of right-handed neutrinos as well as µ-term matrices within the framework of type IIA orientifold models, in particular intersecting D6-brane models on toroidal orbifolds. Here, we concentrate on D2-brane instantons (or E2-brane) in IIA orientifold models compactified on the Z 2 × Z ′ 2 toroidal orbifold. On the Z 2 × Z ′ 2 toroidal orbifold, E2-branes can wrap rigid cycles whose position moduli in the compact space are frozen and the positions are fixed [15] . Such a D-brane instanton can induce superpotential terms non-perturbatively, i.e. Majorana masses of right-handed neutrinos and the Higgs µ-term. We will compute them explicitly, and show that for Majorana neutrino mass matrix, there is a typical Z 2 symmetry inherited from the geometrical symmetry of the Z 2 × Z ′ 2 orbifold in certain models. For the Higgs µ-term matrix among more than one pairs of Higgs fields, one D-brane instanton can make only the rank-one µ-term matrix. However, there are more than 10 rigid cycles on the Z 2 × Z ′ 2 orbifold and it may be possible to make the full rank µ-term matrix.
This paper is organized as follows. In section 2, we review D2-brane instantons and rigid cycles on toroidal orbifolds. In section 3, we compute generic form of Majorana neutrino mass matrix induced by D-brane instantons and compute explicitly some illustrating examples. As a result, we obtain a bimaximal mixing matrix for Majorana neutrino mass matrix in certain models. This symmetry is inherited from the geometric symmetry of the Z 2 × Z ′ 2 orbifold. In section 4, we also compute Higgs µ-term matrix for more than one pairs of Higgs supermultiplets. Section 5 is the conclusion.
D-brane instanton and toroidal orbifolds
In this section, we briefly review D-brane instanton (or E-brane) effects and rigid cycles on toroidal orbifolds. For more detailed review of E-branes, see [6, 12, 13] .
D-brane instanton
A Dp-brane instanton is a D-brane localized at a point in 4 dimensional spacetime and wrapping a (p+1)-cycle on the 6 dimensional compact space. It is similar to an instanton in gauge theory and it is named as D-brane instanton. In IIA superstring theory, there are E2-branes and we concentrate on them.
Similar to the gauge instanton, a D2-brane instanton has zero-modes α i and nonperturbative effects of the D-brane instanton are computed by integrating these zeromodes,
where S DBI , S CS and S interact denote the Dirac-Born-Infeld action, the Charn-Simons term and the interaction among zero-modes of D2-brane instanton and visible matters on D6-branes, respectively. The Charn-Simons term can be written as 2) where N E is the multiplicity of E-branes. Here, Π E denotes the homology class of the cycle which the E-brane wraps. We introduce [α k ] as the basis of 3-cycles and its dual basis
Also, we define the axion,
Then, we can write
where
As mentioned in the previous section, the U(1) a symmetry of U(N a ) = U(1) a ×SU(N a ) on the D6 a -brane forbids perturbatively gauge variant operators O c , which transform
However, the axion shifts
That leads to the following extra U(1) a transformation of instanton effects,
Thus, the E-brane effect can cancel U(1) phase in Eq. In order to generate superpotential terms by the D-brane instanton, we need two fermionic neutral zero-modes θ, which correspond to the D-brane instanton position on the superspace, and also the goldstinos of supersymmety broken by the D-brane instanton. Then, non-perturbative effects are expressed as
where α i s are charged zero-modes. Finally we can generate the non-perturbative superpotential term,
If extra neutral zero-modes appear and those are not lifted up, the non-perturbatively induced superpotential term vanishes. If the E-brane can move freely in compact space, it has extra neutral zero-modes. Then, we should consider E-brane wrapping rigid cycles.
Rigid cycles on toroidal orbifolds
The toroidal orbifolds are the simple examples having rigid cycles. In Table 1 , we list toroidal supersymmetric orbifolds and the Hodge number of them. In this paper, we follow the notations in [15] . The orbifold twist is denoted by Γ.
For type IIA intersecting D6-brane models, non-pertubative effects originate from D2-brane instanton wrapping 3-cycles on compact space. The number of independent 3-cycles 
where Π
a is the a-th 3-cycle on T 6 and R g is the geometrical action of g ∈ Γ. The number of these cycles is 2+2h unt 21 and these cycles have position moduli. The number of fractional (or twisted) 3-cycles is given by 2h twt 21 . These cycles originate from orbifold fixed points and can not move away from the fixed points. Then, they have no position moduli and zero-modes.
There are five toroidal orbifolds having rigid cycles as shown in Table 1 . Here, we concentrate on the Z 2 × Z ′ 2 orbifold model among these five torodal orbifolds, because it has the most rigid cycles and rigid cycles on the other orbifolds have self intersection numbers. Hence, the other rigid cycles have extra neutral zero-modes. At any rate, the Z 2 × Z ′ 2 orbifold is the most simple example. 
Z
Here, Θ and Θ ′ are the generators of Z 2 and Z ′ 2 , respectively. That is, Θ acts the complex coordinates z i on the i-th
. Also, S a g denotes the set of the fixed points of R g which D6 a -brane wraps. In addition, i, j, k are the index numbers corresponding to the fixed points on the first, second and third T 2 respectively. All of i, j, k vary from 1 to 4 and one of them represents one of four fixed points on each torus. ǫ 
(2.13)
We need to know physical states on the Z 2 × Z ′ 2 orbifold, but not the total intersection number, in order to compute explicitly couplings of states and mass terms. The above number of these zero-modes is interpreted as the result of projection of zero-modes on the covering space T 6 . The number is equal to the number of zero-modes invariant under the action of
where ψ i is the state localized at the i-th intersection point and C ψ i is the normalization factor of the state. For instance, if ψ i is invariant under Θ and Θ ′ ,
transforms an i-th intersection point to another point g(i). ∆ ψ g is the phase of the action of g ∈ Z 2 × Z ′ 2 determined by the sign of intersecting numbers.
2 Similar Z N eigenstates are discussed in magnetized brane models [20, 21] . For instance, if all of ǫ 
Right-handed neutrino Majorana masses
Here we study right-handed neutrino Majorana masses on the Z 2 × Z ′ 2 toroidal orbifold. We concentrate on three generations of right-handed neutrinos N i R . They are localized at the intersection points between D6 a -brane and D6 b -brane wrapping rigid cycles. The Majorana masses are perturbatively forbidden by the U(1) symmetries of D6-branes. However, they can be generated by D2-brane instanton effects. A D2-brane instanton intersects with D6 a -brane and D6 b -brane. Open strings at these intersection points have zero-modes α i and β j respectively. Only if there are two zero-modes and they have 
where M is determined by the string scale M s and the volume of E-branes
The 3-point coupling d a ij is given by the linear combination of 3-point couplings on the covering torus. Because Z 2 × Z ′ 2 invariant states are given by eq (2.14), the 3-point coupling of these states is computed as
where y ij a is the 3-point coupling on covering T 6 . The 3-point coupling on T 6 is obtained by worldsheet instanton. The intersection number on covering T 6 can be decomposed as I ab = I where y ij a,n is the 3-point couplings on the n-th T 2 . By using the ϑ-function, the 3-point coupling y ij a,n is given as follows [22] 
where A n is the area of the n-th T 2 , and ε n x with x = a, b, c is the position moduli of D6 x -brane on the n-th torus. In our computations, these moduli are discretized because D-branes wrap rigid cycles. Since we consider D-branes wrapping rigid cycles, the configuration of branes on covering T 6 is invariant under the action of Z 2 × Z ′ 2 and 3-point couplings are also invariant, which means y ij a = y
. Then, we obtain
(otherwise).
(3.5)
3 Similar results for 3-point couplings and higher order couplings are obtained in magnetized brane models and heterotic orbifold models [23, 24, 25, 35] .
As a result we can derive the Majorana masses by one instanton configuration
(otherwise). (3.6) If there is another D2-brane instanton, Majorana masses are the sum of these instantons effects, i.e.
We must take into account all the possible configurations of E-branes. The 3-point couplings on covering torus (3.4) are determined by the intersection numbers on the torus. Although we assume the generation number of neutrinos to be equal to three and determine the number of zero-modes, the intersection number on covering torus is not uniquely determined because the intersection number on orbifold (2.13) depends on the choice of fixed points. It is difficult to consider all the possibilities, although we would study them systematically elsewhere. In this paper, we compute some explicit examples to conjecture general form of Majorana masses.
In toroidal orientifolds, there are two types of T 2 : the rectangular torus whose complex structure Reτ = 0 and the tilted torus with Reτ =1/2. In our analysis, we concentrate on the rectangular torus for simplicity, but this limitation dose not affect our results.
We use the notation (l, m, n) xy as the abbreviation for the number of fixed points shared by D6 x -brane and D6 y -brane, where l represents the number of fixed points shared by D6 x -brane and D6 y -brane on the first T 2 , and m and n are those on the second and third T 2 s. For example, (l, m, n) xx is always (2, 2, 2) xx .
Explicit Model 1
In this section, we compute Majorana neutrino masses in an explicit example. We consider only D6-branes relating with right-handed neutrinos and E-brane, but do not study complete model building. We compute the model with (1, 0, 0) ab , (1, 1, 1) Ea and (1, 1, 1) Eb , because this is the simplest model with three generations of neutrinos. In this model, the intersection number is I In these models, there are 12 (would-be neutirino) states on covering torus. We name these (would-be neutirno) states |ijk ν , where i, j and k represent the index number of fixed points on the first, second and third torus respectively. 
Then, we can write three invariant neutrino states,
For Model 1-(II), we can write three invariant neutrino states similarly
The intersection number between D2-brane instanton and D6 a -brane must satisfy the following condition, 
for the model with (I 1 Ea , I
2 Ea , I
3 Ea ) = (3, 1, 1) by using (would-be zero-mode) states |ijk α . Similarly, we can write the invariant states β i , i.e. β 0 = |000 β ,
When the three generations of neutrinos (3.11) or (3.12) and instanton zero-modes (3.14) appear from different tori, induced Majorana masses vanish [14] . Therefore, there The interaction term of Model 1-(I) is written as follows
where y j i is the 3-point coupling on the j-th torus written as (3.4). These interactions are determined by Z 3 symmetries of the second torus. We can derive the following Majorana masses In these models, apparent Z 2 symmetric (or bimaximal mixing) Majorana mass matrices appear.
Explicit model 2
We study another model. We consider the model with (1, 1, 0) ab , (1, 1, 1) Ea and (0, 1, 1) Eb . In this model, since the E-a intersection number and shared fixed points are the same as the last model, the physical states α i s are the same as eq.(3.14). The a-b intersection and E-b intersection conditions have a solution and the physical states of neutrinos are written as
The zero-modes β i s are
Then, we can obtain non-vanishing Majorana masses. In this model, the Majorana mass matrix has no apparent symmetry without fine-tunings, but corresponds to general symmetric Majorana masses with the full rank.
Flavor structure of Majorana mass matrix
We computed Majorana masses in explicit models. In Model 1, we derive bimaximal mixing mass matrix, and the other model does not have such a symmetry. This difference originates from the geometric symmetry of D-brane configurations on the torus. There are two geometric symmetries in Models 1-(I) and 1-(II). In Model 1-(I) , the flavor structure originates from the second torus. On the second torus, there is Z 2 symmetry acting branes as exchanging a-brane and b-brane and exchanging two fixed points simultaneously. This symmetry exchanges N 0 , α i and N 2 , β i , but does not change the areas of worldsheet instantons. Then, the 3-point couplings are the same (see fig.1 ). In Model 1-(II), the flavor structure originates from the first torus. However, there are no differences between N 1 and N 2 and the system is invariant under exchanging N 1 and N 2 . Thus, we realize the Z 2 permutation symmetry and bimaximal mixing mass matrix.
On the other hand, in Model 2, such Z 2 symmetries no longer remain. The flavor structure originates from the second torus. We can not exchange N 1 and N 2 or fixed points (see fig.2 ). The only symmetry is Z 2 : z → −z, which is orbifold projection. We can distinguish each state from others. Thus, we get general symmetric mass matrix.
It is phenomenologically interesting that the Z 2 symmetry remains in Majorana masses of right-handed neutrinos. Such a symmetry would be favorable to derive large mixing angle in the lepton sector. Indeed, many studies have been done for realization of observed lepton mixing angles by assuming non-Abelian discrete flavor symmetries. (See for review [26, 27, 28] .) Figure 1 : The brane configuration on the second torus of Model 1-(I). We omit the index number of other tori, e.g. |0 α denotes |000 α , the others are similar. The brane configuration on the first torus of Model 2. We omit the index number of other tori, e.g. |0 α denotes |000 α , the others are similar.
Numerical analysis
In this subsection, we analyze the lepton flavor structure numerically for illustration. To compute the mixing angles of leptons and mass splittings, we have to determine the Dirac mass matrix of leptons, the number of Higgs fields and vacuum expectation values (VEVs) of Higgs fields. In our analysis, left-handed leptons L i s are localized at the intersection points of D6 a -brane and D6 c -brane. The up-type Higgs fields H u s are localized at the intersection points of D6 b -brane and D6 c -brane. All of branes are wrapping rigid cycles. Indeed, there are many possibilities for the charged lepton sector. 6 Results depend on its choice. For just illustration of numerical study, we assume the Dirac masses of the charged leptons are diagonal and they are equal to the observed charged leptons masses, and the mixing angles of leptons are determined by the Dirac and Majorana masses of neutrinos. They are determined by the area of torus, and the VEVs of Higgs fields. We do not compute Higgs potential in this analysis and we use their VEVs as free parameters.
In table 2, we show two examples of mixing angles and neutrino mass splittings given by D-brane instanton effects. In these examples, there are two Higgs doublets in the models. Then, there are three parameters; the area of torus A 1 /α ′ , the ratio of Higgs VEVs H u1 / H u0 and the scale of Majorana masses M s e −S E .
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In the Example 1, the Majorana mass matrix is the same as Model 1-(I) in the previous Table 2 : Sample values of numerical analysis of the lepton flavor structure. The observed values are quoted from [33, 34] . In our analysis, we assume the normal hierarchy.
subsection (3.18) . We set the winding numbers as The numbers of shared fixed points are (1, 1, 1) ac and (1, 2, 1) bc . In the example 1, we set the area of torus A 2 /α ′ = 0.6 and the Higgs VEV ratio H u1 / H u0 = 0.2. In the Example 2, the Majorana mass matrix is the same as the explicit model 2 in the previous subsection. We set the winding numbers as The numbers of shared fixed points are (2, 1, 1) ac and (1, 2, 1) bc . In the example 2, we set the area of torus A 1 /α ′ = 2.3 and the Higgs VEV ratio H u1 / H u0 = 0.3. Table 2 shows that we can realize the approximate values of the mixing angles and the mass splitting of neutrinos by E-branes, but there are the small deviations between theoretical and observed values. These deviations may be caused by the assumptions of the diagonal charged leptons mass matrix. Small deviations from the diagonal charged lepton mass matrix could explain the observed data. At any rate, our purpose of this subsection is just an illustration of numerical study.
Higgs µ-term matrix
We can also obtain Higgs µ-terms by E2-branes. We consider g pairs of Higgs fields H u and H d . We assume H u s are localized at the intersection points of D6 a -brane and D6 b -brane and H d s are localized at the intersection points of D6 a -brane and D6 c -brane. The multiplicity of D6 a -brane is 2 and the others are 1. To generate µ-terms, the E-brane intersects other branes once, and there are three kinds of zero-modes α, β, γ. α is localized at the E-a intersection point, β is localized at the E-b intersection point and γ is at the E-c intersection point. Then, we obtain the µ-term,
This matrix shows that one instanton configuration can generate only rank-one µ-term matrix. Let us consider the model with two-pair Higgs fields for instance. We study the model with (1, 1, 1 Then, we obtain the rank-one µ-term matrix similarly
where y
is the 3-point coupling of i-th Higgs field H i u(d) and zero-modes on the first torus. Because those on the other torus is common, we omit indices of torus. If there is nothing to obstruct, we also take into account the contribution of E-brane (E'-brane in fig.3 ) wrapping the other fixed points on the first torus and having the same winding number. Thus, we get rank-two symmetric µ-term matrix, Then, such an expression appears. The rank of µ-term matrix depends on the number of allowed configurations of E-branes. In this example, there are two configurations and we get rank-two matrix. If the number of Higgs pairs is larger than two, we can not realize the full rank µ-term by one type of E-branes. However, there are some possibilities that the configuration of rigid E-branes wrapping another bulk cycle can also induce some corrections for µ-terms. The suppression factor of E-brane is e −S DBI . Although the leading order E-brane induces high-scale µ-terms, e.g. O(10 10−15 ) GeV, the next to leading order term may be more suppressed. In addition to that, the µ-terms induced by E-branes is a product of the 3-point couplings. The 3-point couplings are suppressed by worldsheet area. If the compactification scale is large enough, Yukawa couplings are suppressed. We may realize the low scale µ-term naturally like this and solve the "µ-problem".
Conclusion and discussion
We have studied the effects of E-branes on Z 2 × Z ′ 2 toroidal orbifold. On this orbifold, there are rigid cycles, which can not move away from the fixed points and have no position moduli. D-brane instanton wrapping such cycles can induce non-perturbative superpotential.
In this paper, we have concentrated on Majorana masses of right-handed neutrinos as well as Higgs µ-terms. We have computed the general form of Majorana neutrino masses and computed them explicitly in concrete models. As a result, we have realized the bimaximal mixing Majorana mass matrix, although we can also obtain not so symmetric one. This symmetry originates from geometric configurations of branes. From phenomenological point of view, such Majorana mass matrix is interesting because one could derive the observed large mixing angles by using such a symmetry. In fact, we find some examples roughly fitting the mixing angles and neutrino mass splittings.
We also computed the Higgs µ-term matrix in an explicit model and obtain rankone and rank-two µ-term matrices. This is because one D-brane instanton can only make rank-one matrix and rigid E-brane wrapping the same bulk cycle has at most two configurations. However, we can consider another E-brane configuration and may derive the full rank µ-term matrix. Such configuration may induce suppressed term and explain the electroweak scale. We would study it elsewhere.
It is important to study other compactifications. If D-brane configurations including D-brane instantons have geometrical symmetries such as Z 2 symmetry, Majorana neutrino masses would respect such symmetries and lead to phenomenologically interesting results even in more complicated compactifications.
A Yukawa couplings of zero-modes and neutrinos
In this appendix, we compute Yukawa couplings of zero-modes and neutrinos explicitly in a model. We study Model 1-(I) in Section 3. 1, 3, 1) .
(A.1)
The flavor structure of neutrinos and zero-modes originates from the second torus and we concentrate on it. The brane configuration on the second torus is shown in fig.1 . Before computing Yukawa couplings, it is worth considering the geometrical symmetry of this configuration. For example, since the area of the triangle whose vertices are |0 ν , |0 α and |2 β is the same as that of the triangle surrounded by |1 ν , |1 α and |2 β , y 002 is equal to y 112 . Similarly, we obtain three equations; 
